LINEAR RESPONSE FORMULA FOR PIECEWISE EXPANDING 

UNIMODAL MAPS 



VIVIANE BALADI AND DANIEL SMANIA 

Abstract. The average 7?.(t) = J dfit of a smooth function ip with respect 
to the SRB measure fit of a smooth one-parameter family ft of piecewise 
expanding interval maps is not always Lipschitz |4|, I19| . We prove that if ft 
is tangent to the topological class of /, and if dtft\t—o = ^ ° /i then Ti{t) is 
differentiable at zero, and 7?.'(0) coincides with the resummation proposed in 
[4] of the (a priori divergent) series 5I]^^o / ^iy)^y(V ° f"){v) d-Hoiy) given 
by Ruelle's conjecture. In fact, we show that t 1— > /xt is differentiable within 
Radon measures. Linear response is violated if and only if ft is transversal to 
the topological class of /. 



1. Introduction 

Let us call SRB measure for a dynamical system / : Al Al, on a manifold Ai 
endowed with Lebesgue measure, an /-invariant ergodic probability measure /i so 
that the set {x ^ M. \ lim„^oo ^ X]fc=o vif'^i^)) = / 'pdn} has positive Lebesgue 
measure, for continuous observables if. (In fact this defines a physical measure, see 
e.g. [32j.) If /( is a smooth one-parameter family with fo = /, and each ft admits 
a unique SRB measure Ht, it is natural to ask how /Xt depends on t. More precisely, 
one studies, for fixed smooth enough ip, the function TZ{t) = J ipd^f 

If / is a sufficiently smooth uniformly hyperbolic diffeomorphism restricted to a 
transitive attractor, Ruelle [22]-[25] proved that Tl{t) is differentiable at t — 0. In 
addition, Ruelle gave an explicit formula for TZ'{0), depending on /( only through 
its linear part (the "infinitesimal deformation") v — dtft\t=o- For obvious reasons, 
this formula is called the linear response formula. See |14| Cor. 1 p. 595] - 
noting that / and p in the statement there need in fact only be Holder ~ for a 
previous results in continuous-time the Anosov setting, without an explicit formula 
for TZ'{0). We refer to the introductions of [9], [8], [4], for a discussion of more 
references regarding linear response for hyperbolic dynamical systems, including 
[S] , [I] , : applications to statistical mechanics [11] . 

A much more difficult situation consists in studying nonuniformly hyperbolic 
interval maps /, e.g. smooth unimodal maps. For some of these maps, in partic- 
ular those which satisfy the CoUet-Eckmann condition, there exists a unique SRB 
measure /i. Two new difficulties are that structural stability does not hold (in a 
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rather drastic wajo), and that ft will not always have an SRB measure even if / 
has one. In this setting, Ruelle ([26], [22]) has outlined a program, for infinitesimal 
deformations of the form v = X o f . He proposed ^'(1), where 

(1) *W = E / ^"^(z/H(^°n(y)dA'o(2/), 

is the "susceptibility function," [^ as a candidate for the derivative, in the sense of 
Whitney's extension, of TZ{t) at t = 0. (We refer e.g. to the introduction of [1] for 
more details.) Beware that the series ([T]) may diverge at 2; = 1 so that ^'(1) needs 
to be suitably interpreted. 

In this paper, just like in [3|, we consider a simpler situation which exhibits 
however a similar bifurcation structure (in particular structural stability does not 
hold and infinitely many symbols may be required to code the dynamics) : piecewise 
expanding interval maps. For such maps, it has been known for some time that fj,t 
exists for all t, and, under mild assumptions, that TZ{t) has modulus of continuity 
0(tln|t|) (see ([7]) below and the references given there). We view the setting of 
piecewise expanding interval maps as a laboratory in which to test our ideas about 
smooth deformations. The arguments are free from technicalities, but exhibit most 
of the features that will appear in the CoUet-Eckmann case. 

Let us recall now recent results in this piecewise expanding setting. Assuming 
that dtft\t=o — X o f, a function {f,X) 1-^ J{f,X) was introduced in [4] (see 
([41]) ). There exist ([4], [1^) examples of piecewise expanding unimodal interval 
maps ft so that 'R-{t) is not Lipschitz. For these counterexamples, it turns out 
that J{f,X) 7^ 0. The function '^{z) is holomorphic [4J in the open unit disc. In 
addition, if J{f^ X) — and / is Markov (i.e., the postcritical orbit is finite) then 
'^{z) is holomorphic at z = 1 ([4|). If »/(/, X) = but / is not Markov a resumma- 
tion 'i'l was devised [4 for the possibly divergent series ^'(1) (see Proposition 14.31 
below). In view of the above facts (see also [U Remark 4.5]), a modification of Ru- 
elle's conjecture, was proposed in 4, Conjecture A] for perturbations of piecewise 
expanding or CoUet-Eckmann /, assuming in addition that each ft is topologically 
conjugated to f. 

The main result of this paper is the proof of Conjecture A from [4j in the piecewise 
expanding setting. In fact, we prove a slightly stronger result (Theorem 1 5. It is 
enough to assume that ft is tangent to the topological class of / (see §2.1). Also, 
the observable ip need only be continuous, so that in fact we prove that t i—^ fit is 
differentiable into Radon measures. The interpretation of ^'(1) in Theorem 15.11 is 
in the sense of ^'i from [4j, and we find a more compact expression for ^Pi, as well 
as a condition ensuring that \E'i is the abelian limit of '^{z) fProposition I4.6P . 

Our approach to prove Theorem 15.11 is a perturbative spectral analysis (via re- 
solvents) of transfer operators, on suitable spaces, adapted from those in [4]. (In 
spirit, this is somewhat similar to the work of Butterley-Liverani [8].) To perform 



^As was explained to us by D. Dolgopyat, the examples in |9l Section 2.3(B)] may fail to be 
structurally stable. However, shadowing holds for a sufficiently large measure of points so that 
Theorem 1— Proposition 2.6 of [9] provide a linear response formula in the sense of Whitney. 

^Since \I'(e'") is the Fourier transform of the "linear response" I23| . it is natural to consider 
the variable uj, but we prefer to work with the variable z = e*". 

■^The spaces in |4| were inspired by what Ruelle told us about his then ongoing work on the 
nonuniformly expanding case [28] . 
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this analysis, we use the Keller-Liverani [16] results together with smooth motions 
(Proposition 12. 4|) and the twisted cohomological equation for / and X o f. The 
novelty of this work resides in the combination of these two ingredients. A key 
new ingredient in the implementation of our ideas is the use of the isometry Gt in 
the proof of Theorem 15.11 this isometry is the device which allows us to use the 
same Banach space for the transfer operators of all perturbations, by forcing the 
singularities (here, jumps) to lie on a prescribed set. 

We next summarise informally the picture for piecewise expanding, piecewise 
smooth unimodal maps (see S 12.11 for assumptions). If the critical point is not 

periodic, noting /° = id, we say that v is horizontal for / if X^jlo CpYifi^)) ~ ^ 
(see ^ for the periodic case). Then: 

(i) J{!, X) = if and only if X is horizontal for / (Corollary EH). 

(ii) X o / is horizontal for / if and only if the candidate ^'i from [4] for the 
derivative is well-defined (Proposition 14.31 from [1], Proposition [53]) . 

(iii) If /( is tangent to the topological class of / then 9t/t|t=o is horizontal for 
/ (Corollary ESI . 

(iv) If V is horizontal for /, then any /t with dt]t\t=Q = w is tangent to the 
topological class of /. (Theorem 12.81 below, to appear in [5J.) 

(v) If /f is stably mixing □ and tangent to the topological class of / with 
5t/t|t=o = Xof, then Ti{t) is differentiable at < = 0, and the linear response 
formula 7^'(0) = *i holds (Theorem [51]) . 

(vi) If dtft\t=o is not horizontal and c is not periodic for / then there exists C°° 
observable (p so that TZ{t) is not Lipschitz (Theorem 17.11 see [4], [19] for 
isolated examples). 

In view of the results of the present paper, we expect that the following strength- 
ening of Conjecture A [4j in the CoUet-Eckmann case holds: 

Conjecture A'. Let / be a mixing smooth CoUet-Eckmann unimodal map 
with a nonflat critical point. Let ft be a smooth perturbation, with fo — f and 
dtft\t=o — X o f, which is tangent to the topological class of f (i.e., so that there 
exists ft such that \ft ~ ft\ — 0{t^) and each ft is topologically conjugated to /). 
Then TZ{t) is differentiable at in the sense of Whitney for all smooth observables 
9?, and TV {{)) = '5(1) (the infinite sum being suitably interpreted). 

In particular, if ft remains in the topological class of a CoUet-Eckmann map /, 
Conjecture A' is just [U Conjecture A], where differentiability of TZ{t) is foreseen 
in the usual sense. We expect (see Conjecture B in [4]) that paths /* which are not 
tangent to conjugacy classes give rise to Tl{t) which are in general Holder but not 
Lipschitz in the sense of Whitney. Note that topological classes are called hybrid 
classes in this context, and they form a well understood lamination for smooth 
maps with a quadratic critical point (see [17] . [2] and references therein). 

This work is about the linear response. One can also wonder about formulas for 
the derivatives of higher order of Tl{t) (see [24]). Indeed, we expect that a suitable 
modification of the proof of Theorem 1 5 . 1 1 will give, if ft is a C^o.ro+i perturbation, 
tangent up to order — 1 to the topological class of a stably mixing piecewise 
expanding unimodal map / (i.e., we replace \ft — ft \ = O(i^) by 0{t^") for rg > 3 in 



Beware that if / is not stably mixing, then there exist ft with dtft\t—o = ^ ° f horizontal 
and '^{z) holomorphic at 0, but TZit) not Lipschitz. 
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§ 12. ip . that TZ{t) has a Taylor series of degree ro — 1 at 0, with exphcit coefficients 
(in the spirit of [Ml)- The coefficients will be related to twisted cohomological 
equations for derivatives of higher order of ht (see the proof of Proposition 12. 4p . 
In the CoUet-Eckmann setting, if ft is tangent to the hybrid class of / up to order 
To — 1, then we expect that higher order derivatives and Taylor series of degree 
ro — 1 should be attainable, of course in the sense of Whitney. (If ft lies in the 
hybrid class, we expect a Taylor series in the usual calculus sense.) 

The paper is organised as follows: Section [5] contains definitions, and the es- 
sential result on the "smooth motions" ht{x) (Proposition [2]4]). The infinitesimal 
conjugacy a — dtht\t=Q is introduced there. In Section [3l we recall the decompo- 
sition of the invariant density from [4], we adapt results from |16) on the transfer 
operators to reduce from families tangent to the topological class to families within 
the topological class (Proposition 13. 3p . and we introduce appropriate spaces Bt for 
transfer operators (Subsection 13. 3p of sums of a "smooth" function with a sum of 
jumps along the postcritical orbit. In Section [4j we recall information from [4] on 
the susceptibility function ^'(z) and the candidate VPi for the derivative oiTZ{t). We 
prove Theorem 15.11 in Section O combining the main ingredients (Proposition 12.41 
Proposition 13. 3( and the spectral analysis on the function spaces Bt from Subsec- 
tion l3.3p . The proof uses strongly the perturbation theory from Keller and Liverani 
[l6] (we need to extend their result slightly, see Appendix iB)) . Section [6] contains 
(Theorem 16. 2p a simpler formula for TZ'{Q), which is true if and only if a is abso- 
lutely continuous (a rare event). Theorem 17.11 in the last section shows that the 
condition to be tangent to the topological class is necessary. 

After the first version of the present paper was made public, David Ruelle sent 
us a copy of [29], which contains in particular a proof of 4, Conjecture A] under 
the additional assumptions that /o is analytic and has a nonrecurrent postcritical 
orbit. We hope that injecting in our argument tools analogous to those developed 
there should eventually give a proof of Conjecture A' for CoUet-Eckmann maps. 

2. The setting, the twisted cohomological equation and the 
infinitesimal conjugacy a 

2.1. Piecevifise expanding C" unimodal maps and their perturbations. If 

is' C M is a compact interval and £ > 0, we let C^{K) denote the set of functions 
on K which extend to functions in an open neighbourhood of K . In this work, 
we consider the following objects: 

Definition. For an integer r > 1, a piecewise expanding C unimodal map is a 
continuous map f : I ^ I, where / — [a, 6], so that / is strictly increasing on 
/+ = [a, c], strictly decreasing on /_ = [c, b] {a < c < b), with /(a) — f{b) — a; and 
for (T = ±, the map f\j extends to a C" map on a neighbourhood of 1^, withQ 
mf|/'|/J>l. 

A piecewise expanding C" unimodal map / is good if either c is not periodic under 
/ or inf K/"^)'! > 2, where ni > 2 is the minimal period of c; it is mixing if / is 
topologically mixing on [/^(c), /(c)]. 



prime denotes derivation with respect to x € /, a priori in the sense of distributions. 
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Beware that a piecewise expanding C" unimodal map / is only continuous, and 
never (it is piecewise C"). We restrict to unimodal (as opposed to multimodal) 
to avoid unessential combinatorical difficulties. 

Given a piecewise expanding unimodal map /, we shall use the following 
notation: The point c will be called the critical point of /. We write = /*''(c) 
for fc > 0. We say that c is preperiodic if it is not periodic but there exist no > 1 
and ni > 1 so that c„o is periodic of minimal period ni (we take no minimal for 
this property and our assumptions imply no > 2). If c is periodic for / of minimal 
period ni > 2 we set (by convention) ?io = 1- If c is preperiodic or periodic for /, 
we set 

(2) TV/ no + ni - 1 > 2 . 

(If c is periodic we have Nf — n\.) If c is neither preperiodic nor periodic for /, we 

set N j = oo. 

Define J := (-cx), /(c)] and x : R -> {0, 1, 1/2} by 

(3) x(a^) = Oifa;^ J, x(x) = 1 if x e int J , x(/(c)) = ^ • 

The two inverse branches of /, a priori defined on [/(a), /(c)] and [/(6), /(c)], may 
be extended to maps -0+ : J M_ and M_|- in C^lJ), with sup IV-'ctI < 1 for 

cr = ±. We set 

(4) Ao - hm (sup(|(/-")'|))i/" , Ao = lim (sup |(/")'|)i/" . 

n — >QO n — >QO 

and choose 

A e (Ao, 1) , A > Ao . 

Definition. Let r > ro > 2 be integers. For a piecewise expanding C unimodal 
map /, a C"''' perturbation of / is a family of piecewise expanding C" unimodal 
maps ft I I, \t\ < e, with /o = /, and satisfying the following properties: There 
exists a neighbourhood To- of Jo-, cr = ±, so that the C' norm of the extension of 
ft\i^ to Xo- is uniformly bounded for small \t\, and so that 

(5) IK/^/OlxJIc-- =0(t). 

The map {x,t) i-^ ft{x) , extends to a C""" function on a neighbourhood of (/+ U 
/_) X {0}. The infinitesimal deformation of the perturbation ft is defined by 

(6) v^dtft\t=o- 

Our assumptions imply that the infinitesimal deformation satisfies w(a) = v{h) = 
and, if /(c) = b, also w(c) = 0. 

If ft is a C^'^ perturbation of a piecewise expanding unimodal map, then 
each /( (for small enough t) admits an absolutely continuous invariant probability 
measure (see e.g. [3] for references), with a density pt which is of bounded variation. 
In fact, there is only one absolutely continuous invariant probability measure. Each 
Pt is continuous on the complement of the at most countable set {ft{c) I k > 1}, 
and it is supported in [ft{c), /t(c)] C [a, b] (we extend it by zero on R). If / is good 
and mixing, then ft is mixing and the absolutely continuous invariant measure is 
mixing. (If / is mixing, but not good, ft need not be mixing.) In other words, 
assuming that / is good and mixing implies that / is stably mixing (we do not 
claim the converse), in addition, denoting by \^\L'^[Leb) the L^(R, Lebesgue) norm 
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of by [m Prop. 7] (by uniform Lasota-Yorke estimates, see [Ml Remarks 1, 5]), 
we have 

(7) Ipt-polLi(Leb) =0(nn|t|). 

If / is not good, the function 1 1— > pt need not be continuous. (This is germane to 
the fact that mixing is not necessarily preserved if / is not good. See [15] for an 
illuminating multimodal example.) See also Remark 13.41 



Remark 2.1. Note that Ruelle's conjecture offers a candidate for the derivative of 

(8) 7^(^) = j ^ptdx 
only if dtft\t=Q = X o f. (See also Remark HTTI ) 

Definition. For integers r > > 2, and a piecewise expanding C unimodal 
map /, a C"''" perturbation of f tangent to the topological class of f is a C''o,r 
perturbation /( of / so that there exist a C^'^ perturbation ft of / with 

sup\ftix)-ft{x)\^0{t^) 

X 

and homeomorphisms hf with ht{c) — c and ft — o f o h^^ . 

Clearly, if ft is a C^'^ perturbation of / tangent to the topological class of /, 
then V = dtft\t=o — dtft\t=o- We shall see (Corollarv l2.6p that the infinitesimal 
deformations v of tangent perturbations are horizontal for /: 

Definition. A continuous w : / ^ R is horizontal^ for a piecewise expanding 
unimodal map / if, setting Mf = ni if c is periodic of minimal period ui > 2, and 
Mf — +00 otherwise, 

(9) V ^(^^"^ = 

See also Subsection 12.31 for a discussion of perturbations ft tangent to the topo- 
logical class of /. 

When considering C^'^ perturbations ft-, we have in particular sup^ \ft{'^) ~ 
f'{x)\ = o(l) (considering the extensions to neighbourhoods of la) and we shall 
implicitly restrict to e small enough so that 

(10) sup lim(sup(|(/r")'|))^/"<A, sup lim(sup(|(/r")'|))^/"<A, 
sup lim (sup I (/,")' 1)1/" < A, sup lim (sup |(/,")'|)i/" < A. 

2.2. The twisted coiiomological equation, the smooth motions ht{x), and 
the infinitesimal conjugacy a. In this section, we discuss the following twisted 
cohomological equation (TCE, see e.g. [30]) for piecewise expanding unimodal / 
and bounded v: 

(11) v(x) — a{f{x)) — f'{x)a{x) , \/x G I ,x ^ c . 
Let us start with an easy lemma: 



''See | 17| . [2] and references therein for a motivation of this terminology 
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Lemma 2.2. Assume that f is a piecewise expanding unimodal map and that 
V is a hounded function on I . Then for every w G R the unique bounded solution 
Q^(w) which satisfies ol(^^-^ (c) = lu is given by: 



(12) at ^(x] - < U'-^^y^^) ' . 

Remark 2.3. If (|lip admits a continuous solution a, it is easy to see by taking 
limits as a; — *■ c from the left and from the right that a(c) = and v{c) = a(ci). 
(In particular, there is at most one continuous solution to ([TT]).) We shall not use 
this. 

Proof. For x so that f^{x) ^ c for all £ > (fT2|) defines a bounded solution 
uniquely on this set: Indeed any bounded solution satisfies /3 — ~v/ f — ... — wo 
j-k-ii^jky jfc+i/(jfcy. if ^^2;) ^ a(^u>){x), then we take k so that K/{f^)' < 

{l3{x) — a(ij)(x))/3 with K — max(sup sup |a(i^) |), and we get a contradiction. 
If /3(c) = Lu, then for each x so that f^{x) — c we must have P{x) ~ (X(^i^){x) as 
defined in □ 



When V is the infinitesimal deformation of a perturbation ft tangent to the 
topological class of / we shall relate solutions to (fTTj) to the conjugacies ht- The 
key ingredient for this is the following information about the smoothness oitt—i- ht: 

Proposition 2.4. Let r^>2 he an integer. Assume that ft is a C^o,ro perturbation 
of a piecewise expanding C^" unimodal map f , so that for each small t there exists a 
homeomorphism ht with ht{c) — c and ft — htofoh^ . Then for small enough e, the 
map (t, x) t—f ht{x) is continuous from (— e, e) x / — > R and the maps 1 1— > ht{x) are 
(jro-i+Lip [— e,e], uniformly in x ^ I . (I.e. sup^ \\h.{x)\\Qr-o~i+Lip(^^_^^^^^ < 00.) 

Remark 2.5. Although the ht{x) cannot be called "holomorphic motions" (see e.g. 
PI) they certainly be called "smooth motions"! Beware that the maps 1 1-^ h^^{x) 
are in general not C^+^v^ although it is easy to see that the map t 1-^ h^^{x) 
is differentiable at i = with derivative —a{x) for all a; e /. Also, the maps 
X I— > ht{x), X I— > hj^{x) are in general not absolutely continuous (see Section [S]). 

It will then be easy to show: 

Corollary 2.6. Under the assumptions of Proposition \2.4\ the bounded function 
a : / — > R defined by a{x) = dtht{x)\t=o satisfies the TCE ill]) for v = dtft\t=o. 
In addition, a is continuous, a{c) = and v{c) — a(ci) — 0, so that v is horizontal 
for f. 

Definition. Under the assumptions of Proposition 12.41 the function a = dtht\t=o 
is the infinitesimal conjugacy associated to the infinitesimal deformation v oi ft. 



Remark 2.7. It follows from Corollary 12.61 that if ft is a perturbation of / and 
V = dtft\t=o is not horizontal for /, then there exist arbitrarily small t so that / 
and ft are not topologically conjugated, in particular / is not structurally stable. 
See [1] for an analogous statement about rational maps. 



Proof of Proposition \2.4\ To simplify notation, we assume that c = in this proof. 
Let Vt be the set of points which are either periodic or eventually periodic for 
/t, and whose forward orbit under ft does not contain the turning point c. It is 



8 



VIVIANE BALADI AND DANIEL SMANIA 



easy to see that Vt is dense in /. Let 9 = sup^ ^ \f[{x)\~^ . We first prove that 
(i, x) — > ht{x) is continuous. Fix (xq, ^o) and let k > 0. Pick n e N and 5 > such 
that 61" + < Choose r/o < e/2 small enough such that if |< — to I < Vo then 

sup|/t(a;) - /tn(a;)| < (5, 

a: 

and let r]i be such that |x — xo| < ?7i implies f^{x) ■ /'^(xq) > 0, for every k > n. 
So f^{ht{x)) ■ f^{ht{xo)) > 0, for every k > n and t. Of course ft{ht{xo)) ■ 
ftg{htoixo)) > 0. By LemmalXH for every {t,x) G {\t-to\ < 770} x {|x-xo| < 
we have 

\h{t,x) - h{to,xo)\ < K. 
In the remainder of this proof, dlht denotes 9*/is|s=t- The implicit function 
theorem tells us that ii p Q Vq then t ^ ht (p) is a C""" function. Differentiating the 
equation ht o /(p) = ft ° htip) with respect to t we obtain 

(13) ftftt o f{p) = o ht{p) + ft{ht{p))dht{p) . 

In other words 

o /(p) - f^{ht{p))dht{p) = dtft o ht{p) = . 
Next, differentiating (jl3p rp times, we can easily prove that for each i < rQ 

(14) aj/., o f{p) - ~f[{ht{p))diht{p) = F,(p) , 

where the function Fi is a polynomial combination of compositions of (all) partial 
derivatives of ft{x) up to order i, including mixed ones, with the function ht, and 
partial derivatives dlht, for j — — 1. 

For every q Q Vt, we have q — ht (p) , with p e T'o ■ Define 

aK?) :=9i^/it(/ir'('Z))- 
Define Q^{q) = F,{ht^{q)). From HH) we obtain the twisted cohomological equation 

(15) QM = c^liftiq)) ~ niq) ■ c^liq) ■ 

Let call this equation TCEi. 

Note that Fi is bounded on Vo- We claim that 

for every i < rp. Indeed, suppose by induction that F^ and df~^ht are bounded 
functions on Vq, for every i < i < rg. Then Qi is bounded on Vt, and the unique 
solution for TCEi on T'f is given by the expression 

The uniqueness of the solution follows from the fact that every point in Vt is 
eventually periodic. 
In particular 

(16) sup\aliq)\<- 

qevt l-sup^|/;(a;)| 

It follows that dlht is bounded on Vo, and hence Fi is bounded in the same domain. 
This concludes the inductive argument. 
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Then from (|16|) we have an upper bound for |c)fft.t|, for i < vq, which is uniform 
on < G [— e, e] (up to taking a smaUer e). So the family of functions t ht{p), with 
p &Vo and t e [— e, e], is a bounded subset of C^"{[—e, e]). 

We claim that t i-^ ht{x) is C'^o-^+^w for every a; G /. Indeed, let p„ e be 
a sequence which converges to x. Of course the sequence of functions t i— > ht{pn) 
converges to the function t i— > ht{x). Since every sequence in a bounded subset 
of C" ([— e, e]) has a subsequence which converges to a function in Q^o-^+Lip ^ 
conclude that t ^ ht{x) is C"'«"1+^'p. □ 

Proof of Corollarv \2.b\ By differentiating f^o ht = hfO f with respect to t at i = 0, 
we see that a{x) satisfies pT|) at all x ^ c. Since /it(c) = c for all c we have a(c) = 0. 
To prove v[c) = a(ci), we use ft o /it(c) = hto f(c): The derivative with respect to 
t of the right-hand-side at t = is just a(ci). This implies that the left-hand-side 
is differentiable at t = 0, and, using ht{c) = c, the derivative is 

hm + 1,, = + .(c) . 

□ 

2.3. Perturbations ft tangent to the topological class of /. For r > 2 and a 

fixed piecewise expanding C"" unimodal map /, we may pick ht{x) with ht{c) — c, so 
that (a;, t) i— > /it (a;) is C", and define /t :~ htofoh^^. Then ft is a C^''" perturbation 
of / in its topological class. If we assume in addition that ht{c + x) = Sht{c — x), 
where the (C^) symmetry S is such that /(c + x) — f{S{c — x)), we can ensure 
that the infinitesimal deformation is of the form v — X o f. Since x ht{x) is 
a diffeomorphism in this construction, it gives a conjugacy between the invariant 
densities pt of ft and po of /. Thus differentiability of TZ(t) = J ippt dx can be 
obtained by relatively easy perturbation theory arguments on the transfer operator. 
Theorem 15.11 applies to all smooth perturbations ft which are tangent to ft , and 
we may choose ft in such a way as to ensure that ft and / are not topologically 
conjugated (by modifying the kneading invariant), or are not smoothly conjugated 
(by acting on the multipliers [18]). 

In view of a more general and systematic description of perturbations tangent 
to the topological class, recall that CoroUarv 12.61 implies that if a C^^^ perturbation 
ft of a map / is tangent to the topological class of /, then its infinitesimal 
deformation v is horizontal. In the smooth nonuniformly hyperbolic case (see |17) , 
[2] and references therein) a converse to this statement holds. The proof of the 
converse in our setting is given elsewhere: 

Theorem 2.8. (See [5]j For tq > 2, let f be a good piecewise expanding 
unimodal map and let v € C" (/) be horizontal for f and satisfy v{a) — 0, v(b) = 0, 
and, if f{c) — h, also v{c) — 0. Then there exists a family of piecewise expanding 
unimodal maps ft'.I^I, \t\ < e, with /o = /, so that the map (x, t) ft{x) , 
extends to a Q^o-i+Lip j^tnction on a neighbourhood of (/+ U J_) x {0}, and, in 
addition, dtft\t=o = and for each t there is a homeomorphism ht with ht{c) = c 
and ft ~ ht o f o h^^ . The conjugacies ht are in general not absolutely continuous. 

In particular, the above implies that any C^'^ perturbation ft of a piecewise 
expanding C unimodal map f {r > 2) so that v — dtft\t=a is horizontal and 
V £ C'^{I) is tangent to the topological class of /. 
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Note that there exist (many) C^'^ perturbations /* of mixing piecewise expanding 
C unimodal maps, and such that v = dtft\t=o is C"" and horizontal (also if we 
require v = X o /). Indeed, the functional Lf : v v(c) — a(o)(ci) is bounded and 
linear from {v G C"'(/)} to R. So it has a codimension-one kernel. 

3. Transfer operators and their spectra 

3.1. Definitions and previous results. Recall that a point x is called regular 
for a function cj) if 2(j){x) = limj,|j, <Piy) + ^^'^yix <t'{y)- If 4'i ^^^d 02 are functions of 
bounded variation on M having at most regular discontinuities, the Leibniz formula 
says that {4'i4>2)' — 4''i4>2 + 4>i4''2^ where both sides are a priori finite measures. 
(Viewing a function (p in BV as a measure means considering (j)dx.) 

For a piecewise expanding unimodal map /, recalling ([3]), we introduce two 
linear operators: 

(17) Coip{x) := x{x)'^{'4'+{x)) - x{x)'^{'>i^-{x)) , 
and 

(18) Ciip{x) -.^ x{xW+{x)'^{'4'+{x)) + x{x)\i-''^{x)\ip{tp-{x)) . 

Note that Ci is the usual (Perron-Frobenius) transfer operator for /, in particular, 
^iPo = Po and /Ci(Lebesgue][j) = Lebesgue^. The operators Lq and Li both act 
boundedly on the Banach space 

BV = BV^"'^ ■.= {ip:R^C\ var(<^) < oo , supp((^) C [a, b]}/ ~ , 

endowed with the norm ||</9||_By = inf^^^ var((/)), where var denotes total variation 
and ipi (p2 if the bounded functions (/?!, (p2 differ on an at most countable set. To 
get finer information on Cq, we consider the smaller Banach space (see e.g. [21] ) 

BV'-^^ ^{ip:R^C\ supp(v3) C (-00, b],ip' € BV} , 

for the norm IliysHsyii) = lltys'llBy. If £ is a bounded linear operator on a Banach 
space B, we denote the spectrum of C by sp(£), and we define Ress{^), the essential 
spectral radius of £, to be 

RessiC) = inf{i? > I apiC) n {|z| > R} 

consists of isolated eigenvalues of finite multiplicity} . 

Recalling the definition ^ of Aq, we have the following key lemma (see the 
claims on Ci on BV are classical): 

Lemma 3.1. Assume that f is a mixing piecewise expanding unimodal map. 
The essential spectral radius of Ci on BV is < Xq. In addition, I is a maximal 
eigenvalue of Ci, which is simple, for the eigenvector pQ, and there are no other 
eigenvalues of Ci of modulus 1 on BV . The spectral radius of Cq on BV is equal 
to 1. For any if G BV^^^ 

(19) {CoipY ^Ciiif'). 

Finally, the spectrum of Cq on BV^^^ and that of Ci on BV coincide. 

For further use, associate to a mixing piecewise expanding unimodal map / 

(20) To = max! Ao , sup{|z| | z e sp {Ci\bv) , z^l}] , 
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(note that tq < 1), and choose 

T e (ro, 1) . 

Set Hu{x) = -1 if X < u, Hu{x) ^ if x > u and Hu{u) = -1/2. If / is 
a piecewise expanding unimodal map, the invariant density of / is of bounded 
variation and thus decomposes uniquely |20| as po = Psai+Preg with preg continuous 
and psai the saltus term (recalHng Nf from § I2.ip : 

Nf 

(21) Psal = ^ S„Hc„ , 

n=l 

with s„ = lhnyic„ Poiu) ~ hm^jcn Paix). By [U Prop. 3.3] we hav^: 

Proposition 3.2. Let f be a mixing piecewise expanding unimodal map. Then 
Preg from the decomposition \21]) of the invariant density is an element of BV^^\ 

(M. Misiurewicz pointed out to us the related work of [31].) 

3.2. Comparing the invariant densities of two tangent perturbations. Our 

main result is about perturbations ft which are tangent to the topological class of 
/q. In this subsection, we prove Proposition l3.3l fusing classical Banach spaces, and 
tools from Keller-Liverani [16j ) which will allow us to reduce from this assumption 
to the hypothesis that /( lies in the topological class of /q. 

We need more notation. Let ft be a C^'^ perturbation of a piecewise expanding 
C unimodal map (r > 2) Define Jt := (-oo, ft{c)] and Xt-^^ {0, 1,1/2} by 

Xt{x) = if a; ^ Jf , Xt{x) = 1 if x e int Jf , Xt{ft{c)) = ^ . 

The two inverse branches oi ft, a priori defined on [/t(a), /t(c)] and [/t(6), /t(c)], 
may be extended to maps V't,+ : Jt (— oo,c] and V"*,- '■ Jt [c, oo) in C'^{Jt), 
with sup \ip't ^1 < 1 for cr = ±. Put 

(22) C,M^) - Xt{xWt,+ {xMAM^)) + XtixM't,_ix)\ipi^Pt..{x)) . 

Recall our choices A < 1 from (U) and r < 1 from (I20p . Lemma 13.11 applies to 
Ci^f By |16| we may assume that t is small enough so that 

max(A, supsup{|2:| | 2; G sp (£i,t|_By) , z ^ 1}}) < r . 

We may now state the new result of this subsection: 

Proposition 3.3. Let f be a good mixing piecewise expanding unimodal map. 
Then for any C >1 and every pair [ft,gt) of C^'^ perturbations of f, and so that 

(23) sup|/t(x)-.gt(x)| <C^^ V|t| <e, 

X 

there exist Ci > 1, eq > and ^ > I so that, letting pt and pt denote the respective 
invariant densities of ft and gt, we have 

\\pt-pt\\L^[Leb) <Ci|i|«, V|i| <eo. 

Remark 3.4. The assumption that / is good is crucial in the above proposition 
since otherwise we do not have uniform Lasota-Yorke bounds (j26p in general. 



'^The proof there does not require that c is not periodic. 
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Proof. Recall A < 1 from Q (we require that (fTO|) hold for gt too). Denote by Ci.t 
the transfer operator of ft, by Ci^t the transfer operator of gt, acting on BV. Each 
Ci^t and each Ci^t has a simple maximal eigenvalue at z = 1 and essential spectral 
radius < A for small enough t. Our assumptions ensure that 

(24) \\ft{x)\\ci+L.p(^v) <C , \\gt(x)\\ci+L.p(^v) <C , 

on a neighbourhood V of (/+ U/_) x {0}. Also, there exist C and ei > depending 
only on / and C so that (our assumptions imply that gt and ft satisfy ([5])) 

(25) SUp\\C{t\\Li(Leb) < C , SUp||£{ jLl(Leb) < C, V|t| < ei , 

j 3 

WCl.tiv) - £1,0 (<^) II Li(Leb) < C\t\MBv V|t| < ei , 

- /:i,o(<^)||Li(Leb) < C|t|||</.||w ,'iipeBV, V|t| < ei . 
also, since / is good [Ml Remark 5], 

(26) max(||£{^,<^||BV,||£i,jBV/) <CA^ ||^||BV + q|(^|Ui, e W , V|i| < ei , 

finally, ((24|) and ((23|) imply ||(/t — 5t)|/„||ci = O(i^), with a constant depending 
only on / and C , and thus 

(27) II A,*(</^) - A,t(</?)|Ui(Lefc) < Ct2||(^||Bv , e W , V|i| < ei . 

It follows from ([25l - [26l) for £i,t, Ci, and [16, Theorem 1] that for each small 
enough 5 > there are £2 > and C > 1, depending only on / and C so that 

(28) Wiz - Ci,ty^\\BV <C,y\t\ < 62 ,Vz with |z| > r + 5 and |z - 1| > (5. 

We claim that the above estimate together with ((27|) implies ||pt — Pt\\L'^{Leb) = 
0(|fp') for any 77 < 1. Taking ?/ so that 2?/ > 1, the claim ends the proof. 

To obtain the claim, we revisit the proof of [16| Theorem 1]. Following Keller- 
Liverani, we put Qt — {z — £i,t) and Qt = {z — >Ci,t). In the sense of formal power 
series in z, we have for all \t\ < e 

(29) Qr' - Qr' - Q7\^i,t - c.i..t)Qi' ■ 

By ((28|) and ([27]) . the second part of the proof of [HI Theorem 1] gives that for any 
rj < 1 and 7 > 0, there are constants eo>0, v4>l,i3>l, depending only on -q, 
C and 7, so that for any z satisfying |z| > r + 7 and |z — 1| > 7, all (p e BV, and 
all |t| < eo, 

(30) \\Qi\^)\\LHLeb) < 2ity{A\\Qi'\\Bv + B)Mbv 

+ 2{fy'-' (ciiQr'llw + MmLeb) ■ 

Applying the above estimate to (£i_t — Ci^t)Qi^{'p) and using (|29|) . we get 

(31) <2|i|2''(||£i,jB^, + ||£i_jBv-)(I||Qr'llw + S)||Q-i||w||'p||w 

+ 2C\tf4c\\Qi'\\BV + T^YlQr'llwll^llw , 
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for any Lp G BV . Writing the difference between the spectral projectors for the 
eigenvalue 1 of Ci^t and Ci^t as a contour integral of the difference of the resolvents, 
this shows the claim. □ 



3.3. Spaces of sums of smooth functions and postcritical jumps. In this 
subsection we shall introduce Banach spaces Bt C BV and C BV of functions 
with controlled jumps along the postcritical orbit, on which the transfer operators 
Ci^t have essential spectral radius < A, in view of the proof of our main theorem in 
Section El 

Let / be a mixing piecewise expanding unimodal map. Recall that N f = 
no + JT-i — 1 if c is preperiodic, Nf = ni if c is periodic, and Nf = oo otherwise. Let 
BV be the Banach space of continuous functions of bounded variation supported 
in [a, b], for the BV norm. Fix 77 > small. Consider the Banach space {B, \\ ■ ||) of 
pairs = i4'reg,4>sai) with (j)reg G BV , and (psai = iuk)k=i,...,Nf , uormcd by 

(32) im ^ HregllsV + \'f'sal\r, ^ifii \(t>sal\r, ^ SUp ( 1 + T?)'' | Ufe | , 

l<k<Nf 

and so that, in addition, 

Nf 

(33) 4>reg{x) = '^Uk,yX < a. 

k=l 

We define T ^Tq : B ^ BV hy 

Nf 

(34) ^{4>reg, {uk)k>l) = 0reg + ^ Ufc-ffcfc ■ 

k=l 

(In particular, supp(r((/))) C [a, b].) The map F is injective, and we define Bq C BV 
to be the isometric image of B under F. 

It is easy to see that po G Bq. For = (0reg, {uk)k>i) G B, we may decompose 
(fi = Ci{T{4>)) G BV into ip = (preg + 'f>sai- Then, we have 

fc>l 

with (writing /'(c_) = limj^|c/'(y) and /'(c+) = linij^^c /'(y)) 
(35) 



if the postcritical orbit is infinite (i.e., Nf = oo), while 
(36) 



y, — ""0-^ I ""0 + "!-^ if r7n ^ 1 

'"I = -iwi^\ + J7^\)i^regic) + Efc>l,c,>c ^fe) ' 
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if Nf < oo. Also, we find 

(37) ipreg = jO-l{4>reg) 



Hci ( T777TTT + T777TTT ) ' ( <l>reg{c) + 2^ Uk 

l<k<Nf,Ck>c 



Nf 



k=2 

ft is thus not difficult to check that cp ^ Bq. We next prove that in fact Ci is 
bounded on Bq with essential spectral radius < A. 

We shall use that if £ is a bounded operator on a Banach space B, and /C is a 
compact operator on B, then the essential spectral radii of £ and C — JC coincide 
(see e.g. [TU] or |13[ Theorem IV. 5. 35]). This fact is behind most techniques 
to estimate the essential spectral radius: Lasota-Yorke or Doeblin-Fortet bounds, 
Hennion's theorem, the Nussbaum formula, see e.g. [3]. In view of this, recall that 
the BV -closed unit ball is compact for the L^{Leb) norm. (See e.g. [3l §3.2, Prop. 
3.3] for a proof of this Arzela-Ascoli type result). In view of obtaining compact 
perturbations if Nf = oo, note that for any S > there is ks = 0(ln(i5~^)) so that 
for any </) = {(j)reg, (ufe)fc>i) e B, 

(38) ^ liifel <5sup((l + ry)'=|^/fc|). 

For ip G BV , we write IVreg{f) = ^reg G C'' and ligaiif) — y^sai- If Nf 7^ oo, the 
operator ICo{ip) = Ilsaii^ii'p)) is finite rank on Bq, and thus compact. If Nf — oo, 
the operator 



ICo{p) = -H,d'Preg{c)+ V ^.fe ) (| /' (c_ ) | " ^ + | /' (c+ ) | ) 



E 

fc>l,C/^ >c 



is rank one, and thus compact, while the operator Usai^iCi—fCo) has norm bounded 
by (1 + 77) sup l/'l^^ by definition. 

We next consider Hreg o Ci. U Nf < 00, the second and third lines of (|37l) are 
finite rank contributions, which will be denoted by /Ci ((/)). If Nf = 00, since 



sup 

k>2 



< 00 , 

BV 



fick-i) 

then ((38|) implies that the second and third line of ([37|) give a compact contribution, 
also denoted by /Ci (</>). 

Then, consider the Radon measure {Jlreg ° '^1(1^9) — /Ci(iy9))'. By the Leibniz 
formula we have, as Radon measures. 



^^^^ ' (/'(V^+(y)))' 

By the compact inclusion property mentioned above, the contribution ipi in the 
first line is compact, let us call {K.2{}p))' = the corresponding operator. Now, 
the operator ip' 1-^ M{ip') = {Hreg o ^i{<f) — ^i{'-p) — K,2{'p)y is bounded on mea- 
sures, with norm at most sup(|/'|^^)||£i||oo where ll-CiHoo is the operator norm of 
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Ci acting on bounded functions. Applying the above argument to C\, and using 
supj ||>C{||oo < oo, we obtain for each j > 1 a decomposition £j = /C^^'+A^^^^ where 
/C(^) is compact on Bo, and HA^^^'^Ubo < Co(l + 77)^' sup(|(/J)'|-i). Therefore, the 
essential spectral radius of £1 on Sq is < A. 

Consider now the Banach space {B^'''^ ,\\ ■ ||) of pairs cf) — {(j)reg,4'sai) with 

(j>reg G Lip{{- OO , b]) , and t^^a/ = {uk)k=l,...,Nf, normedby ||0|| = ||0reg||Lip+ |0sa/|>, 

and so that (t>reg{x) = X)fe2:i 'f^fc for all a; < a (in particular, (j)reg is constant 
on (—00, a)). Using F as above, we define a Banach space Bq'p C Bq c BV. 
Since ||0||Lip = and since the Lip{[a,b\)- closed unit ball is compact in the 

L°°([a, b]) topology, the same argument as above shows that £1 is bounded on 
with essential spectral radius < A. Since C Lip, we have that po G Sg 

If ft is a C^'^ perturbation of / we may define Bt and for each t by taking 
the isometric image in BV of B, respectively under Tt defined by 



■'reg , ' 



(Ufe);e>l)j = (t)reg + ^UkHct, t . 

The argument above shows that L\^t has essential spectral radius bounded by A on 
Bt and Sf*^. Since each Bt and each B^'"'^ is a subset oiBV and since pt G Sf*^ C 
Bt, we have proved that outside of the disc of radius r the spectrum of L\^t on Bt or 
on B\^^ consists in a simple eigenvalue at 1, with corresponding spectral projector 
Lp ^ Pt J if dx. 



4. The susceptibility function and the candidate for the 

derivative 

The susceptibility function [27] associated to a piecewise expanding uniniodal 
map /, a test function ip e C^([a, 6]), and a deformation v = Xof for X e C^([a, 6]) 
is the formal power series 

00 „ 00 „ 

(40) *(;j) = ^ / z"X(y)po(2/)(^°/")'(2/)dy = 5] / z"mXpo)ix)ip'ix)dx . 

n=0 n=0 

In this section, we recall in Proposition 14.31 the resummation "ifi proposed in [4] 
for the a priori divergent series ^'(1) when X o / is horizontal. In addition, we 
give in Lemma 14.41 an expression for in terms of the infinitesimal conjugacy a 
from Section [21 and we show that ^'i is not well-defined if X o / is not horizontal 
(Proposition 14. 5p . 

Remark 4.1. If the infinitesimal deformation v is not of the form Xof, the heuristic 
argument of Ruelle [23 suggests to define the susceptibility function as: 
00 00 
vl/(z) = ^ / z^^Ci{vpo){y){^of"y{y)dy^Yl / ^"^S(^i(«Po)) (x)^'(x) . 

The analysis of the above expressions produces additional difficulties, and will not 
be pursued here. 

Since Xpo E BV, Lemma [3.11 implies that the power series '^^{z) extends to a 
holomorphic function in the open unit disc, and in this disc we have 

^(z) = / {id~zCo)-\Xpo){x)ip'{x)dx. 
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Recalling the jumps s„ in the saltus term psai for p (see (|2T|) ). the weighted total 
jump of / defined in [4, is: 



N, 



(41) ^(/,X) = ^s„X(c„). 

n=l 

In [4], we resummed the possibly divergent series ^'(1) under the condition 
J{f,X) = (see Proposition 14.31 below). We have the following simple but en- 
lightening lemma: 

Lemma 4.2. Assume that f is a piecewise expanding unimodal map f, and 
that X : J — >• M is bounded. Define a(o)(ci) by for v = X o f . Then 

^(/,X) = si(X(ci)-a(o)(ci)). 

Since si < 0, the lemma implies J^{f,X) = if and only if Q!(o)(ci) — X(ci), 
i.e., if and only if X o / is horizontal for /. 

Proof. If c is neither periodic nor preperiodic, then Sk — f'{ck)sk+i for k>l, and 
thus 



(42) J{f, X) = si(X(ci) - a(o)(ci)) = si ^ 



j>0 



(P)'(ci) 



(see [H Rem. 4.5]). The case of periodic c is similar using Sk = f'{ck)sk+i for 
1 < fc < ni — 1 and Alf — ni. 

If c is preperiodic, using Sk = f'{ck)sk+i for 1 < fc < + ni — 2, fc 7^ rip — 1, 
and 

Snp — l Sno+m — l '^no — 1 ^rip 

" /'(C„„_i) /'(c„„+„,_i) " /'(C„„_i) (/"O'(Cno) ' 

which implies (1 - (/"O'(cno))s,io = s„o-i/(/'(c„o-i)) and thus 

si 1 
(/"°+^-i)'(ci)l-l/(/-)'(c„J' 

we get 

^(f /"^^ X(/"ci) "^^X(/"o+^-l(ci)) 



(/")'(ci) 6^ (/"°+^-^)'(ci) l-l/(/"0'(c„o) 

si{X{ci) - a(o)(ci)) . 



□ 



We next recall the candidate ^'i for the derivative oi t 1-^ T^{t) from Ruelle's 
conjecture as interpreted in [3]. Note that if X e C^{f{I)) satisfies X{a) = then 
the function X defined by X{x) := X{x) for x > a and X{x) := for x < a is such 
that X' is of bounded variation, and X' p is supported in [a, b] for any p supported 
in (—00,5]. Recall Mf from Q. Then, by Proposition 13.21 and the properties of 
Sk from the proof of Lemma [4.21 putting together [4, Lemma 4.1, Proposition 4.4, 
Theorem 5.2] gives 0: 



^Theorem 5.2 in [4] also holds if c is periodic, with a similar proof. 
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Proposition 4.3. Let f be a mixing piecewise expanding unimodal map. Let 
X e C^{f{I)) satisfy X{a) = and J{f,X) = 0. For tp G C^i[a,b]) and \z\ < I: 

oo mini j,Mf) ^/ n 

,-fc SiX{Ck) 



(43) vl/(z) = -^^(c,) 



{id - zCiy^{X' Psal + {Xpreg)')tpdx . 

The second term in |^ j| ) extends to a holomorphic function in the open disc of 
radius Xq^ ■ If c is periodic or preperiodic then the first term of |^3| ) is a rational 
function which is holomorphic at z — 1. 

In addition, the following is a well-defined complex number 

(44) ^,=-J2^{c,)Y,jp^^^- J{id-C^)-\X'p^al + {Xpreg)>dx. 
J— 1 k—1 

Note that if J'{f,X) = (a codimension one condition on X) tlien 5*1 = 'i'li'fi) 
is well-defined even if ip is only continuous. 

We have the following simpler expression for the first term of ^'i: 

Lemma 4.4. Let f be a mixing piecewise expanding unimodal map. Let X G 
C2(/(/)) satisfy X{a) = and J{f,X) = 0, and let (p e C^{[a,b]). Then, setting 
a — a(o) from US\) for f and v = X o f , 



dx . 



(45) *1 = - / "^^P'^-l ~ Cl)-\X'psal + {Xpreg)> 

Proof By Lemma |4?2] X (ci ) = a(ci). Thus, by (gg]) the first term of ^i from ([44] 
may be rewritten as a Stieltjes integral (a is continuous by Corollarv l2.6p 



(46) =-Japp'^^i. 

□ 

In fact, is well-defined only if J{f, X) = 0: 

Proposition 4.5. Let f be a mixing piecewise expanding unimodal map f , let 
X e C'^{f{I)) satisfy X{a) — 0. For every p £ C'^{[a,b]) the following series 
converges 

oo „ 

/ C{{{Xpregy)ix)pix)dx. 

// i/(/, X) ^ then ^'i is not well-defined, in the following sense: There exists 
p e C°°{[a,b]) so that, on the one hand, both series below diverge 

oo min{j,Mf) oo 

(47) E (f£v(\ ~T. / C{{X'psai){x)p{x)dx, 

j=l fc=l ) ^'^^> 3 = 1-' 
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and on the other hand, the following series diverges 

oo . min{j,Mf) Y( \ r \ 

(48) E (/fe i)'(ei) + j i^\iX'P^ai)i^)vi^)d^) ■ 

J — 1 k—\ 

Proof. Since J {{X pregy){x) dx = 0, the proof of [H Proposition 4.4], implies 

\- I C{{{Xpregy){xMx)dx\ < Ct\ 

which gives the first claim. 

To fix ideas assume that J{f,X) > 0. Recahing Lemma [4.2[ note that if c is 
not periodic, then for each j 

m t ^^-^(^^) = ^(^i) - "(0) (^i) + j0y^^ - Ji^^ /) + j0y^^ ■ 

By the proof of 4, Proposition 4.4], 

C{{X'p,ai){x)ip{x)dx~J{f,X) [ ippodx] <Ct' , 



thus if / tppQ dx > then the second term in ([47|) diverges to +oo. If c is not periodic 
and, in addition, infj 'f>{cj) > J (ppa dx > then the first term diverges to —oo (use 
(|49|) ). FinaUy, for the same (p, if c is not periodic then ([48]) is J^{f, X) + 
J ippo dx), which clearly diverges to — oo. The case of periodic c is similar. □ 

We end this section by discussing the relation between ^'(z) and 'Si when 
Jif, X) = 0: If c is preperiodic or periodic, is just the value at 1 of the 
holomorphic extension of ^'(2), and we have "ifi ~ lim^^i \I'(z). If c is neither 
periodic nor preperiodic we do not know if the resummation for the possibly 
divergent series \I'(1) is always Abelian, i.e., if ^'i = lim2g(o.i),2^i ^(-2), but we 
have the following sufficient codimension-two condition on X ensuring abelianity: 

Proposition 4.6. Let f be a mixing piecewise expanding unimodal map. Let 
X e C^{f{I)) satisfy X{a) = 0, J{f,X) = 0, and, in addition. 



then = lim3g(o,i),z^i ^'(z). 

Proof. We may assume that the critical point c is not periodic, so that the following 
formal Laurent series is well-defined for £ > I: 

°° xif^ic)) 



a{ce,z) = - 



^-z^(P)'(q)- 

Clearly, z 1-^ a(ci, z) is analytic in {z G C | \z\ min |/'| > 1}. We have 

(51) a.a(ci,z)U^i if^yici) • 

Note for further use that if X{ci) = a(ci, 1) (which is equivalent to J{f,X) — 
by Lemma and if (EOl) holds, then ([5T|) implies 

(52) a(ci,z) = a(ci,l) + 0(|l-zn. 
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Now, using a(ci,z), we may rewrite the coefficient of f{cj) in the first term of 
^'(z) from Proposition 14.31 as 



SiZ-' 



^1 Xjck) 

2-^ ^k-l( -fk-l\l 



fe=l 



zfe-i(/fc-i)'(ci) 



^ oo 



z^-i(p-i)'(ci)^^z™(/'")'(c,) 
Consequently, if (min|/'|)^^ < \z\ < 1, the first term of 'I'(z) can be written as 



OO 



Sl 



(p-^)'(ci) 



It is easy to see that 



\z\<l 



hm > 



Note also that if |z| < 1 then | J2T=i '/'(cj>^'"^l < 'i^- 
Finally, ((52)) implies 



Putting together the above estimates, we find using (HS)) 

<P(cj)a(cj,l) 



j=i k=i 



which immediately gives the claim. 



□ 



5. Proof of the main theorem 

If ft is a C^'^ perturbation of a mixing piecewise expanding unimodal map 
/ tangent to its topological class, then Corollary 12.61 gives that the infinitesimal 
deformation v is horizontal, li v — X o Lemma [4.21 thus implies that J{f,X) = 
0. Therefore, if X S C'^{f{I)), a candidate ^'i for the derivative is defined by 
Proposition [321 and Lemma Our main result can now be stated: 
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Theorem 5.1. Let ft he a C^'^ perturbation of a mixing piecewise expanding 
unimodal map f with infinitesimal deformation v ~ X o f such that X G C'^(f{I)). 
If fo is good and ft is tangent to its topological class, or if ft = ft lies in the topo- 
logical class of fo, then tt—^ptdx from (— e, e) to Radon measures is differ entiahle 
at 0, and 

dtipt dx)\t=Q = -OLfJ.al - (id - ll\Y^(X' psal + iXpreg)') ■ 

In particular, for any (p € C^{[a,b\), the map TZ{t) = J (pptdx is differentiable at 
t = 0, andU'iQ) = 

Remark 5.2. See Theorem 1 7. II for necessity of the condition J{f,X) = (which is 
equivalent to tangency to the topological class by Corollary 12. 6p . 

Proof of Theorem \5.1\ Since ft = ft ii f is not good, we may assume without loss 
of generality by Proposition 13.31 that ft — ft = ht o f o k^"^ for all t. Also, since 
each pt is a probability measure, we may restrict to continuous functions ip so that 
J (p dpo = 0. The proof will then be divided in three steps. 
Step 1: Perturbation theory via resolvents. 

Recall the spaces Bt — ^t{B) from Subsection 13.31 for a fixed 77 > 0, and define 
linear isometries Gt — Tq o T^^ : Bt ^ Bq. We decompose 

(53) Pt - po^ {Gt{pt) - po) + (pt - Gt{pt)) ■ 

The second term may be analysed directly, noting that (as Radon measures) 

Pt — Gt{pt) ,. PsaLt — PsaLt ° ht v"^ f \ <r I 

J™ 't " t™ 1 " ^ a(cfc)sfcdcfc = -aPsa; ■ 

~^ ~^ k=l 

(We used that Ck,t — ht{ck) implies Hc^ — Hc^ ^ o ht and that limt^o si,* = sJl .) 
To study the first term in ([53|) . set 

Vt^GtoCi.toGi\ Qt = Qt{z) = z-Vt. 

(Of course Vo = C.\ and Qq = z — The operator Vt on Bq is conjugated to L\^t 
on Bt and therefore has the same spectrum. The fixed point of Vt is Gt{pt) and the 
fixed point oiVt is vt{v) = / G^^{tp)dx. We denote by llt{p) = Gt{pt)vt{^) the 
corresponding spectral projector. Our strategy will be to use, as in Proposition l3.3[ 

Qr'-Qo' = Qr'(^t-^o)QoS 

in order to write Gt{pt)i^ti^a) — Po J fodx as a difference of spectral projectors 
applied to ipo Bo, where 

Bo ^ {(fi e Bo\ Preg ^ ^o '''} "^'^^^ ^^^^ ^lOmi || <y5^eg lle^'f + ll-l^lleo ■ 

In fact, we do not need to perform the spectral analysis of Ci on Bo, since we shall 
work exclusively with po G Bq (the fact that p'^^g E Bq^^, i.e., that all discontinuities 
of pj,gg lie on the postcritical orbit, that the jump at Ck is 0{X''), and that (pregYreg ^ 
Lip is an easy consequence of the proof of [H Proposition 3.3], noting in particular 
the uniform bound for A^(a;) there - see also (ffOl) and ([71]) ). 

^For this claim (which impHes limt_o Sj^ t = Sj^ for each fixed k), use that limt_o / fpt dx = 
f ippdx for all bounded ip: Since limt^o ci,i = ci, and supj \\preg,t\\Lip < 00, while |sfc,t| < CA''' 
uniformly in t, choosing for ip the characteristic function of a sufficiently small neighbourhood of 
ci, we get a contradiction if si^t -h 
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Since / podx — 1, noting that Qq ^{po) = Po/{z — 1), we find 

1 isr'w, 



(54) GtipMp^) -Po = f ^f^i'Pt - ^o)(po) dz 

= (id - Vt)-\K\ - fi.t){Vt - Vo){po) , 

where the contour is a circle centered at I, outside of the disc of radius r. 
We shah also use the following norms on So, for j > 

I I \Wreg\\L^{Leb) , niax{|y;^eg(2/)| | 2/ € UQ<<'<j/~^(c)} , . 
m-weakj = ^ \ ^ 1- |i Wsal)\r) ■ 

We have \ip\weak,j < II^'IIbo for all j > 0. It is not difficult to see by adapting the 
estimates in Subsection 13.31 that there exist e > and C > 1 so that, for all |i| < e 
all j, £, all ip £ Bq, 

(55) \Vi{^)UakJ < C\^UakJ+j , < CX'M + Cl^Uak^j . 

(Uniformity in t of the constant C in the Lasota-Yorke estimate follows from the 
fact that / is good. The reason why sup^^^ \ipreg{f~^{c))\ appears in the weak norm 
is to take into account the compact operators )Co{C\) from the decomposition in 
§ 13.31 ) We shall see in Step 3 that for any fixed j > there is a modulus of 
continuity Sj{t) > (i.e., limsupj^Q Sj{t) = 0) so that for each tf E Bq 

(56) IVtif) ~ Vo{(p)Uak,j < Sj{t)MBo . 

Therefore, the proof of 16, Theorem 1] (see Appendix iBjl gives eo > so that 

(57) A,,:= sup ||(id-n)"'(id-nt)||Bo <«3. 

|t|<eo 

Beware that it is not clear whether \{id — Vt)^^ {id — Ut){'p) — (id — Vo)^^iip)\weak,o 
tends to zero uniformly in ||y||Bo < 1 as i — > 0. This is why we next consider Vt 
acting on Bq^^: By § 13. 3[ the essential spectral radius is < A, and the spectrum 
outside of the disc of radius t consists in the eigenvalue 1, with projector Hf. We 



introduce a weak norm on Bq 



Lip ^ 

-1/ 



\'^\weak,oo — W^regW L'^ (Leb) + IT (V'sa/)!?; • 

Applying again the argument in 13.31 we see that (1551) holds for i — oo. Clearly, 
|<i5|u)eafe,i < — allvUeafc.oo- In Step 3, wc shall find C > 1 so that for each (p E Bq^^ 

(58) I'Pti'P) - 'Po{ip)\weak,oc < C|t 1 1 1 (^| | gt.p . 

Then, setting 

Aft - (id - Pt)"'(id - fit) - (id - Po)-'(id - fio) , 

([55)1 and ([55)1 imply by [TBI Theorem 1, Corollary 1] that there are C > 1 and ^ > 
so that for each ip e 

(59) m^)\ 

weak,OQ 

If we knew that there existed V G Bq^^ so that 

(60) WVtipo) - Voipo) - tV\\B„ - O(t') , 

"'^'^We emphasize that the norm in I I60II is in So, a-nd a priori not in Sq'*'. 
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uniformly in small t (this will be shown in Step 2), then (|54p and ([59]) would give 

(61) dt{Gt{pt)>yt{po))\t=o = (id - Ci)-\id - Uo){V) , 

in L°°{Leb): Indeed, write (id - Pt)"Hid - Ht) = M + (id - 7'o)^^(id - fto) and 
note that ([57| implies 

(62) Gt(pt)i/t(po) - Po = (M + (id - 7'o)"'(id - ILo)){tV + Oeoit^)) 

- Wt{V) + t{id - VorH^d - Uo){V) + A,„0{f) . 

Dividing by t and letting t ^ 0, ([55)1 gives the claim (pT|) . 

Note that 1 1— > vtipo) is diflerentiable at 0: As vtipo) — / Psai°h~[^ dx + J preg dx, 
one easily sees that dtiyt{po)\t=o = ~ '^k=i (^{'^k)sk- Then, by the Leibniz formula, 

(63) dtiGtPt)\t=o ^ dtiGt{pt)vtipo))\t=o - Po dtiiyt{po))\t=o ■ 

Since our test functions satisfy J (pdpo = 0, we can ignore scalar multiples of po, 
and it only remains to show (f56|) . (j58|l . and (j60|l with 

(64) {id-Uo){V)^-X'po~Xp',,g. 

Step 2: Analysing the derivative oi 1 1-^ Vtipo)- 

In this step, we prove ([60]) and (f64|) . By definition, for any ip E Bo 

(65) 7't(<y5) = (>Ci^f ((psai O + Vreg))sal O h + [Ci^ti'Psal ° + (preg))reg ■ 

From now on, we assume that the postcritical orbit is infinite, to fix ideas. (The 
case of finite postcritical orbit is similar.) Recall ([55)1 . Noting that Cfc > c if and only 
if c/c,t = ftic) > c, and writing ipsai = J2k "^kHc^^, the contribution to Vt{^p)-Vo{^) 
from the first term in the right-hand-side of ([65)) . i.e., {Vt{^p))sai — 'Po{(p)sai, is just 

/ 1 1 \ 

(66) E^^-i f'(r.^ .A -TU-a)^^" 



k=2 



nick-l.t) f'ick-i) 

+ (^.e.(c) + E - 77(^ - 77(^ + 77(^ ) 



Cfe>C 

Next, we find by ([57]) that the derivative of the second term {{Vt{<p))reg — 
'Po{v)reg) of ()65p . which is an atomless measure, coincides with 

(67) {Ci,t{LPreg))'\(a,c,,t) " {^^liVreg))' \{a,c,) 

Nf 

) - (/:i(77cfc_i))'|(cfc,ci)) 

fe=2,Cfc_i>c 

+ E«fe_l((£l,t(i/e._,,J)'|(a,c,,) - (A(i/c._J)'|(a,c,)) • 
fc=2 

Put tp = pq, and consider first ([M)l . Note that Ck.t = ht{ck). Write 

1 1 ^ f (u;) - fl{ht{w)) 

n{ht{w)) r{w) n{ht{wj)r{w) ' 

and decompose /'(w) - fMw)) = /'(«;) - f[{w) + //(«;) - n{ht{w)), with /'(w) - 
/,'(z«) = -tX'{f{w))nw)+0{e), and /,'(u;) - fMw)) = -i/,"(H«(«^) + ^(t^). 
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Thus, wc find, by using {Ci{p))sai = Psai and (HI]), that 

Nf Nf 
(Vt{PQ))sal - {po)sal STv'f \ TJ a(cfc- 1 )sfc- 1 /" (Cfc- 1 ) ^ 

-0 1 = - - g — in^^ — 



N, N 



(68) = -{X'p),ai + ^(^(cfc) - a{ck))EkH,, , 

fc=i 

where we used X{ci) = a{ci) with (the choice of Ei will become clear later on) 

3 fc-l/"(Cfc-l ) 

(/'(c.-i))^ 

p.eg(c)r(c_) p,,g(c)r(c+) \ 

(/'(c-))3 (/'(c+))3 ; 



(69) E,^^-^^^^^-^^, k>2, 



El 



A,'>2, C/;_1>C 



(/'(C_))3 (/'(c+))3 



It will turn out essential to study ((preg)')sa' — '^k=i ^'k^Ck- If a; € [a, ci) is not 
along the critical orbit wc have 

^7n^ ( \'( \ I \'i \ (r ( Wf \ {Preg)'{y) Po{y)f"{y) 

(70) M (X) = (po) (.) = (A(po)) (.) = Y^ jjr^^^ - FWW ■ 

(We used {preg)'{y) = {Po)'{y) if y is not along the postcritical orbit.) Taking the 
difference between (pregYix) for x | and x I Ck, and recalling from (|69p . we 
easily get from the previous identity that 
(71) 

with i?, - , fc > 2 , iJ, - - (;^7(^ + JJT^ • 

We now consider linit^o ^{{'Pt{po))reg — (po)reg)'- We get two sorts of contribu- 
tions to dnZl): For 
(72) 

X e [min(cA;,Cfc,f),max(cfc,Cfe,t)] or x e [min(c/c, /t(cfc-i)), max(cfc, /t(cfc-i))] , 

an atom may appear at Ck in the limit, we call such x singular points. For the 
other values of x, which we call the regular points, the limit will be a function. 
Recalling ([69]) and (|7T|) . we claim that the contribution of the singular points to 

\irat^o{{Vt{po))reg - {Po)reg)\{a,b)y/t is 

Nf 

(73) Y^aick)Ek-Xick)E',)6,,. 

k=l 

Indeed, if fc > 2 and Ck.t < Ck and Ck-i < c, we must consider the Radon measure 

^ - - ^ 1,, (/'(^-(.)))3^(^) - "(^^^^-^ cm^^^^'^) + ' 



11 



If c is periodic then (preg)'(c) may be undefined, but (pj-eg)' {c±) are both defined. 
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coming from ~{Ci{Hc^_^))' (we used ht{ck) = Ck,t)- If fc > 2, Ck,t < Ck, and 
Ck-i > c, we must consider the Radon measure 

T / (f'fi I ^\-,3 'P(x)dx ^aickjsk-ijjy-. --^ip{ck) + 0{t), 

t Jc^,t (fim.+ixW (/'(cfc-i))^ 

from (£i^i(_ffcfc_i_t))' — ('Ci(-ffcfc_i))' (the corresponding term for the branches tp- 
and ^t,- vanishes in the Hmit). For k = 1 and ci^t < ci we must consider the three 
contributions given by, firstly, 

1 r (P.eg)'(V^-(x)) , , , , , {PreJ{c) , , „ 

(recall also that ci^t — ^t(ci) and a(ci) = X(ci)), secondly, 

1 f ^ p.eg(^^(x))r(V;_(x)) , -p.eg(c)r(C-) 

V"^7 — , , , (y3(x)dx = a(ci) -f- — ip{ci) + 0(t) , 



tj,^^ {fii^^xW ' (/'(C_))3 

and thirdly, by the sum over those i > 2 so that cj^i > c of 

as well as the corresponding three contributions for ^-|_. The cases Ck^t > Ck are 
similar. For k > 2, we must also deal with the jump terms from (£i,t(preg))' — 
{Ci{preg)Y (ouc at ft{ck-i) the other at Cfe), which give, using ft{ck-i) - .f{ck-i) = 

txick) + oiey. 

V '-^T / 7777^^^H\2 ^(^) = -^(^k)-7jj^^^^-^vick) + 0{t) . 

t JMck-i) (f{ck~l)r (/'(Cfe-l))2 

We move to the regular points: For small t, let kt>2he so that J2k>kt \^k-i \ < 
(clearly, fcj = 0(ln|i|)), and take /( to be the union of the 0{kt) intervals of 

singular points associated to k < kt via (|72p (in particular, the Lebesgue measure 

of It is an 0(i In |t|)). We have by definition 

(74) \\{'Pt{po))reg - {po)reg - {Cl,t{po) ^ ^l{PQ))reg\\Bo{I\It) = O(t^) , 

where \\4>reg\\Boii\h) the norm of Radon measure {ipreg)' on the metric set I\It- 
(For this, we use that Y.k>kt \sk-i\\\Ci^t{Hc^_^ ^) - £i,t(Hcfc_i)||eo = 0{t^) , and 
that Ci,t{Hck-i,t){x) ~ i^i.t{Hck-i){x) — for k < kt and x ^ /t.) The contribu- 
tion ([731) takes care of \\{'Ptipo))reg - ipo)reg\\Bo(it) (^ot'^ that J2k>kt \a{ck)Ek\ + 
\X{ck)E'f.\ = 0{t^)) so that we may concentrate on {Ci^tiPo) — ^i{Po))reg on I \ It- 
Note that 

(75) r\x) - ft\x) = *77(7^ + O(i') , 
where we choose the same inverse branch for ft and /. It follows that 

^ur\x)) v{r\x)) _^;^,(^).^(r'(^)) 



i//(/rn^))i i/'(/-H^))i ^ l/'(/-H^))i 

^ \/'(/-H^))i/'(/-H^))i (/'(/-H^)))^i/'(/-H^))iy ^ ^' 

if (fi is (7^"*"^'^ at /^^(x), which gives, after summing over the two inverse branches, 
(76) - tX'{x)Ci{<f){x) - tX{x){Lx{^))\x) + O(i') . 
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Therefore, if x ^ It, and x ^ Ck and x ^ Ck,t for all fc > 1, we have, decomposing 

PO = Preg + J2k ^kHc^ , 

{LiM - Ci{po))reg{x) = -t{X' po - X (po)')reg (a;) + 0{t^) 

(77) = -t{X' po)regix) ~ t{X (pregYUgix) + O(i') . 

(The 0{t^) term is in So, not iJg '^.) By continuity, ^ holds for aU x ^ It. 
The regular contribution to limt_^o {{'Pt{po))reg — (po)reg) /t is thus 

(78) -{X'po - {X'po)sal) - {XipregY - {X {p^egY ) .al) ■ 

All together, we find from ([68H73H78| and ^ (differentiating in Bq) 

dt{Vt{po))\t=0 - -X'psal - X'preg - X (pregY G B^''' . 

This establishes ^ and ^ (note that J X'psai + [XpregY dx = 0). 

Step 3: Proving the weak norm bounds necessary for jl6j . 

It remains to prove the bounds (|56p and ((58|) for Vti^p) — 'Po{(p). We start with 
(|56p . For the term corresponding to (|66p . since (f is not necessarily a fixed point of 
Ci, we get in addition to a term 

{\freg{c)\ + ^ |ufc|)0(<) = 0(i) | (^Ueafc.O ■ 

Cfc>C 

Next, consider ([57)1 . For the L^{Leb) norm of {'Pt — 'P)reg, the singular contributions 
produce an 0(t In |t|) term: Indeed, by (j38p . up to an error 0(t) we may restrict to 
a finite set of c^s, where the cardinality of this finite set is an 0(ln |i|); for this finite 
set, the total Lebesgue measure of the intervals of singular points is an 0{t\n \t\). 
For the regular contributions, although Ci{(p) is not equal to (p in general, and ipreg 
is only continuous and of bounded variation, we get an 0(i)||(^||B(j contribution to 
the L^{Leb) norm of {Vt — 'P)reg- Indeed, the only delicate terms are of the form 

J h{y){ipregi^+^t{y)) - ipreg{-ip+{y))) dy , 

with \h\ < ||/||ci+^»p> ^-iid similarly with Now we exploit that if (j) BV and 
^t is C2 with l-^tix) -x\< C\t\ and |*;(a;) - 1| < C\t\ then (use ^ Lemma 11] 
as in [l5l Lemma 13]) 

J \cl,{y) ~ q^{^t{y))\dy = 0{t)U\\BV ■ 

We must still bound \Vt{'p)reg{y) -'Po{'p)reg{y)\ for y eSj = Uo<£<j/"^(c). We 
make no distinction between regular and singular points here. The contribution 
corresponding to differences between derivatives of / of ft gives 0{t). Next, ipreg 
is continuous by definition of Bq. Writing Sj{-) for its worse modulus of continuity 
on the finite set Sj , we get since \ck — Cfc,t| — 0{t) that 

sup \Vt{ip)reg{y) ~ Vo{ip)reg{y)\ = 0{5j{t) + \t\) . 

Finally, ((58| can be proved by using the Lipschitz assumption on (preg , to simplify 
the argument for (|56p : The uniform modulus of continuity S{t) — 0{t) oi^preg allows 
us to deal with the norm in | • |u,eafc,oo- D 
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6. The derivative in terms of the infinitesimal conjugacy a 

Let ft be a C^'^ perturbation tangent to the topological class of a mixing piece- 
wise expanding unimodal map. We do not know whether x ^ ht{x) is qua- 
sisymmetric, as in the smooth expanding case. Note however that in general it is 
not absolutely continuous (see ^18^ for the nonuniformly expanding case) . For sim- 
ilar reasons, a = dtht\t=Q is in general not absolutely continuous. In this section, 
we shall see that absolute continuity of a is equivalent to a remarkable formula for 
= Tl'{0) which can be "guessed" from the following easy lemma: 

Lemma 6.1. Assume that ft is a C^-^ perturbation tangent to the topological class 
of a piecewise expanding unimodal map f , with infinitesimal perturbation v = 
X o f . Then recalling a = dtht\t=Q from Corollaru \2.6l we have 

(79) iid-Co)iapo)^Xpo, 

121=0 ^oi^Po) = "Po - 'Co+^(apo)- 

The lemma gives that the partial sum of order n for the series 4'(z) at z = 1 is 

We do not claim that / (^'£q^^(q:po) dx converges as n ^ oo. 

Proof. We know that X{y) = a{y) — f'{ip{y))a{ip{y)) where ip is an arbitrary 
inverse branch of /. Multiply this by the positive number Po(V'(2/))/l/'(V'(2/))l and 
sum over inverse branches. Since po is the invariant density, the sum of these 
positive numbers is poiy), which gives the first claim. A telescopic sum gives the 
second claim. □ 

Theorem 6.2. Assume that ft is a C^'^ perturbation tangent to the topological class 
of a mixing piecewise expanding unimodal map f with infinitesimal perturbation 
V = Xo f (in particular J{f,X) = so that X e C^{f{I)). If a = dtht\t=o is 
absolutely continuous then 



(80) -^1^ J (fi'apodx, yip e C\[a,b]) . 

Conversely, if i80\) holds then a G BV'^^^ (in particular, a is absolutely continuous). 

Theorem 16.21 will easily imply: 

Corollary 6.3 (Derivative of the TCE). Under the assumptions of Theorem \6.2l 
if a is absolutely continuous, then 

(81) (-id + Ci){a'po + a(p„g)') = X' po + Xipreg)' ■ 

Note that the proofs of Theorem l6.2l and Corollarv l6.3l use the results from '4^ (in 
particular Lemma 4.1, Prop. 4.4 there), Proposition 12.41 a-nd the easy Lemma l6T 
but do not require any information from Sections [3l [4] or [5] of the present paper. 

Proof of Corollary[KM Putting together and (gll) we get 
^"1 + / aifiipsaiY ^ / aip'podx+ / aip{psai)' 



{id- Ci)-\X'psal + {Xpreg)')vdx. 
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And, since the boundary term in the integration by parts vanishes, 

a(p' padx+ I aifiipsaiY = / a<f{-Po + {Psai)') - / a'lppodx 



= — y a^p{preg)' dx ~ j a'lfpodx. 



□ 



Proof of Theorem \6.2l We suppose that c is neither periodic nor preperiodic (the 
other cases are easier). Recall that a is continuous by Corollary 12.61 Lemma [4.41 
allows us to write 5'i as 

(82) vfi = - y , 
where (3' is a Stieltjes measure. In fact, 

P' = aiPsal)' + (id - Ci)-\X'p,al + (XpregY) dx . 

The above implies that /?' is the sum of an absolutely continuous measure with 
density of bounded variation, and a weighted sum of diracs along the postcritical 
orbit. Now by [H Lemma 4.1], we know that (id — f*){ap'^^i) — Xp'^^i. Thus 

(83) (id - /,)(/?') = X{psal)' + X'psal + {Xpreg)' - {X p^)' . 

Integrating (|5^ by parts, we get (there are no boundary terms, see e.g. [U Proof 
of Prop. 4.4, Theorem 5.1]), 



where _B is a function of bounded variation, supported in [a, 6], satisfying B' = 
/?'. In particular, B is the sum of an element Bi of BV^^^ with a function with 
prescribed jumps along the postcritical orbit. It is easy to check that this function 
is in fact just the saltus of apsai (or, equivalently, the saltus of apo). By ([83| (and 
the fact that both B{x) and po{x) vanish for x > b) we get that 

(84) (id - Co)B - Xpa . 
Now, Lemma |6. II implies that 

(85) {id~Co){apo) = Xpo. 
Putting together (IMH55|) and B — Bi + (apo)sa/, we get that 

(86) {id-£o){Bi-{apo)reg) = 0- 

After these preliminaries, we move on to the proof. 

If a is absolutely continuous then (apo)reg is absolutely continuous (because 
a € BV n C° and ((apo)reg)' — ct' Po + Ci(preg)' is in L^{Leb)). Bi is absolutely 
continuous because it is in BV^^\ The operator Ci acting on L^{Leb) has po 
as unique fixed point, and thus Co on the Banach space of absolutely continuous 
functions supported in (—00,6] has Ro{x) = — 1 + po{y) dy as unique fixed 
point. Thus ([551) implies that Bi = (apo )reg + kRq, so that B = apo + kRq. 
Since B{x) — a{x)po{x) — for x < a (use that J{X'psai + {Xpreg)')dx = by 
J{f,X) = 0), we have that k = 0, proving ((8OI) . 

We next prove the converse. If l[80|l holds then B — apo — apsai+apreg is in BV 
by the preliminary remarks. Since po is bounded from below on [c2, ci], this implies 
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that q;|[cci] is in BV. The prehminaries also give B— (apo)sa/ — (apo)reg G BV^^\ 
i.e., a'po + a{preg)' G BV, which imphes that a' po e BV (since a £ BV). Using 
again inf[c,_ci] po > we get that a' e BV, i.e., a G i?!^*-^-*. □ 

7. Necessity of the horizontality condition 

There exist examples of perturbations ft of good mixing piecewise expanding 
C°° unimodal maps / with c preperiodic, v = X o f and J7'{/, X) ^ so that 
TZ{t) is not Lipschitz for some (p G C°°([a, 6]) ([H §6] and [19], see also [H Remark 
6.3]). Theorem 17.11 below shows the lack of Lipschitz regularity of TZ{t) for all 
perturbations ft so that the infinitesimal deformation is not horizontal (we require 
that c be nonperiodic and, if c recurrs to itself, /'(c_) = — /'(c+)). The proof of 
Theorem 17.11 hinges on a careful rereading of the proof of Theorem 15.11 

Theorem 7.1. Let ft be a C^'^ perturbation of a mixing piecewise expanding 
unimodal map f with infinitesimal deformation v = X o f such that X € C'^{f{I)) 
but V is not horizontal for fo = f, and assume that c is not periodic for f . If 

7 = infd(/^(c),c) -0, 

we assume in addition that \hnx^c,x<c f (x) = —lhnx^c,x>cf'{x). 

If the postcritical orbit of fo is not dense in [c2,Ci] then there exist ip £ C°°{I) 
and K > 0, so that, for any sequence — »■ so that the postcritcal orbit of each 
ft^ is infinite, there is no > 1 so that 



I J fPt^ dx ~ J (fipodx] > K\tn\\\n\tn\ , 



Vn > no . 



// the postcritical orbit of fo is infinite but not dense, the above holds for any 
sequence t„ — > with c not periodic under ft^ . 

// the postcritical orbit of fo is dense in [c2,ci] then there exists Lp £ C°°{I) so 
that for any sequence t„ — > so that c not periodic under ft^, we have 

lim \t^^{ (fi pt dx — (ppodx)\^oo. 

n^oo J J 

We expect that if c is periodic, but / = /o is good and \imx~^c,x<c f (x) = 
— \im.x^c.x>cf'ix), V is not horizontal, then there exists ip £ C°°{I) so that the 
function J ipptdx is not Lipschitz at t = 0. 

Existence of sequences tn as in Theorem 17.11 is guaranteed by the following easy 
lemma: 

Lemma 7.2. Let ft be a C^'^ perturbation of a mixing piecewise expanding 
unimodal map f with infinitesimal deformation v. If v is not horizontal for fo then 
there is a sequence tn so that c has an infinite forward orbit for each ft^ . 



Proof of Lemma \7.S^ First note that the assumption that v is not horizontal implies 
that there exists fco > 1 so that dtCk„^t\t=o 7^ 0. Indeed, assume for a contradiction 
that dtCk,t\t=o — for all fc > 1. Then dtC\^t\t=vi = implies v{c) = 0, and, using 
v(ck) = dtCk+\.t\t=Q ^ /'(cfe)v(cfe_i) for > 1, we prove inductively that v(ck) = 
for all fc > 1, which would imply that v is horizontal, a contradiction. 

Let E(t) be the symbolic critical itinerary for ft, that is, (Ei(f), S2(i), • ■ • ) £ 
{L,C,R}^, with Sj(t) = i if //(c) < c, J^jit) = C if fiic) = c, and T.j{t) = R 
if fiic) > c. Put 6(1], fco) = n„>fe„(/r)-i(/sj, with II = [a,c), Ir = {c,b], 
Ic — {c}. The map t ^ 0(E(t),fco) is continuous from (— e, e) to M. It is easy to 
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see that ko) — Ckg.t, so that 9(E(t), fco) is not constant, and that is enough 

to end the proof. □ 



Proof of Theorem \7.1\ The key property that we shall use is that, for each fixed 
k > 1, the limit 



(87) 



Pk ■■= lim 



Cfc,t — Cfc 



exists and satisfies the twisted cohomological equation 
(88) X{ck+i)^ f3k+i- f'{ck)pk- 

By definition, /3i — X{ci), so that 



fe-i 



(89) 



/3, = ^X(cfe_,)(/^)'(cfc_,). 

In particular, if J'{f,X) ^ 0, i.e. if a(o)(ci) 7^ X{ci) (recall Lemma [4. 2p . we have 
/?! 7^ Q^(o)(ci). We shall next have to be a little more careful about the limiting 
process (1871) . and distinguish between the cases where 7 is zero or strictly positive. 
Note that 

Pk<\if'-'nc,)\suv\X\il~X)-\ 
(recall (H]) for the definition of A) and put 



Y :— maxjsup 



ft - fo 



t 



„ sup|X| 
,sup|/ (a;)!,— — ,1}. 



If 7 > 0, for fixed we let M{t) G Z be the largest integer so that 
(90) &Y^\t\\{f'')'{c^)\<-i/2. 

If M{t) > 1, it is not difficult to show inductively that for all k < M{t) we have 
d{ck,t,Ck) < 7/2 and 

(91) 

Indeed, define Bk^t by 



Ck,t - Ck 



Pk 



< \t\6Y'\{rnc,)\ 



and use ([88)) to see that 

Cfc+l,t — Cfc+i 

t 



tBkAf yici) = {ckj -Ck)/t~ Pk, 

Pk+1 = v'{wk,t)ick,t - Ck) + tgt{ck^) + tf'{ck)Bk,t 
+ tf"iwk,t){l3k + tBk^t)\ 



where gt = {ft ~ fo)/t — v and Wk,t and Wk,t are between Ck and Ck.t- Then it is 
easy to see that swp^. ^. \Bk,t \ < 6^^ for k < M{t) if M{t) > 1. 
If 7 = 0, we let M(t) G Z he the largest integer so that 

(92) 6Y^\t\\{f^'y{c^)\<l. 

If M(t) > 1, our assumption that linix^c.xKc f (x) — li'nix^c,x>c f (x) implies that 
(f9T|l holds for all k<M{t). 

We next revisit the construction from Subsection l3.3l in order to allow comparison 
between different nonperiodic dynamics. For 77 > 0, consider the Banach space 
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(Sco, II • II) of pairs 4> ~ {4>reg, 4>sai) witli (j)reg continuous and of bounded variation, 
and (t>sai = (Mfe)fe=i,...,oo, normed by 

(93) II0II = llf/'regllsy + |0sa;|»; with |(/)sa/|r, = SUp (1 + r;)'' |ufc | , 

l<fc<oo 

and so that, in addition, (jiregix) = X^fc^i ""fc ^^r all x < a. Recall the space Bt 
associated to ft in Subsection 13.31 If the postcritical orbit of ft is infinite then 
Bt — Boo, and we set £t = Tt to be the identity on Boo- If the orbit of c is 
finite (but not periodic) for ft, letting no,t and ni f be minimal so that Cnot,t is 
periodic of prime period ni.4, we introduce £t '■ Bt Boo, which maps a finite 
vector {wj, 1 < i < jt-o,* + "-i,* ~ 1) to an infinite vector vt according to 

Vi = we , £ < no,t - 1 , 

■yno.t+i+fni.t = W„„,,+j((/r'')'(c„o,t+J,t))^(l - ((/r''*)'(Cno,t+J,t)) ^) > 

0<i<ni,t-l,^>0, 

and J^t ■ Boo Bt defined by 

Wi^vi, i < no,t - 1 , 

e>o 

It is not difficult to see that £t and J-f are bounded, uniformly in small t, and that 
JFf o £t is the identity on Bt ■ 

This ends the preliminaries, and we now move on to the proof, considering 
(fi e C°° (/) so that J (f dpo ~ (this does not restrict generality) . □ 

Proof if the orbit of c is infinite but not dense. Assume that the closure of {/■'(c) | 
J > 0} is an infinite set which does not coincide with [c2, ci]. Since the orbit of c is 
not dense in [c2, ci], there exists a C°° function ip with J (pdpo = and ip{cj) = 1 
for all j > 1. 

Since J^{f, X) ^ 0, Lemma [72] gives a sequence t„ ^ so that c is not periodic 
for ft^. For t = or t = t„ for some n, put 

(94) Qt^V^oT^oEto : St ^ So , = Ft o o £o o : Bo ^ Bt , 
(the above operators are bounded uniformly in t) and redefine Vt as 

Vt ^Gt° Ci,t o Gt ■ Bo ^ Bq . 

Since Sq — To is the identity, we find Qt o Qt — id, and the spectral decomposition 
^itif) = Pt J fdx + TZf{(p), with ||7^f"||ef < Cr*^, gives a spectral decomposition 

v^{cj))^gt{pt) j Qt{(^)dx + gt{n1{gtm)- 

Using this new definition of Vt, we revisit the proof of Theorem 15. 11 and we study 

(95) pt7i - Pq^ {Gt„ {pt„ )~ po) + (/Ot„ - Gtr, (Ptj) ■ 
Assume first that 7 > 0. 

Let us consider the first term in the right hand side of ([95)1 . Step 1 of the proof 
of Theorem 15.11 until ((62|) uses the fact that ft and fo are conjugate only (but 
essentially) to evaluate the second term of (|95l) . Step 3 of the proof of Theorem l5.1l 
does not use the fact that fo and ft are conjugate, so that ([56|l and (|58| hold. 
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Step 2 of the proof of Theorem 15.11 appears to use the conjugacies ht, but a careful 
look reveals that what is crucial there are properties ([9T|) and ([88]) of (3k- More 
precisely, taking M{tn) from (|90p and replacing in Step 2 the number a{ck) by (3k, 
we use 



1 



< 



l2Y^\tr. 



to handle the truncated terms for £ > M(i„), and deduce that there is C depending 
only on / and on X so that 

WPt^ipo) - PqWbo < C|i„|,V|i„| < S,tn not periodic. 

(Note that C — 0(7"^).) The above considerations imply that there is C = 0(7^^) 
and 5 > so that for all |t„| < (5 with c not periodic 

\Gt„iPt„) — Po\B.adon < C\tn\ ■ 

Note that 6 depends only on the constants in the Lasota-Yorke inequality, on A, 
and on the spectral gap r < 1 of the transfer operator. 
We now consider the first term in (1551). that is 



E 



Sl,t„ 



k> 



The terms for k > A'/(t„) give a contribution which is < C|t„| for C = 0(7 '^), so 
that we may restrict to fc < Af(i„). 
Then for fc > 1 



lim 



ip- 



-dx = 0. 



It is easy to see that there exists N — N{f) so that \si X]j=i (/j-^)'(ci) I — '^(/' -^)/'^ 
for all k > N. Note that N depends only on A and sup \X\. The properties of f3k 
give |Cfc^„| < C and |C„| < C, uniformly in n and k, so that for all t„ small enough 
so that 'M{tn)> N 



E 

k<M(t„) 



(96) 



Sl,t„ 



H, 



-dx 



C„ 



{(3k + Ck,r> 

k<M(t„) 

k 

Si E '^(^'=)E 



Si 



Vic-k) 



k<M{t„) 



ip-'nci) 



> (M(t„)-7V)|ffil^-C. 



Since M{t„) — 0(ln(t„)), we have proved the theorem in the case where the post- 
critical orbit is infinite but 7 > 0. 

If the postcritical orbit is infinite and not dense, but 7 = then we should 
use definition ^ for M{t). (We still have Af(i„) = e(ln(i„))-) Our additional 
assumption then yields constants C and C independent of 7. □ 
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Proof if c is preperiodic for f. Assume that (no > minimal for this property, 
note that then no > 2) is periodic of prime period ni > 1, in particular 7 > 0. 
Take a C°° observable with / ip djiQ — and 

v{cj) = l,Vj > 1 . 

By Lemma 17.21 there is a sequence in — > so that c has an infinite forward orbit 
under ft^. For t = Q ov t ~ recalHng ([M)) . consider M.t = Gt o ^1,0 ° Gt acting 
on Bt- Since Gt°Gt= id, we have the spectral decomposition 



Mt = Gt{po) J Gtif) dx + GtiKiGti^)) ■ 

We consider 

(97) ptn - Pq = {ptj - Gt{po)) + {Gt{po) - Po) ■ 



Revisiting the proof of Theorem 15.11 once more, using Bt instead of Bq, we can 
treat this case in a manner analogous to that of the infinite postcritical orbit with 
7 > 0. □ 

Proof if the orbit of c is dense. We have Eq = J^q = id and, using (l94|) , we can 
consider Vt as in the case when the orbit is infinite but not dense. The new 
difficulty resides in the choice of the observable. 

We recall (p| Thm 8.1]) the following central limit theorem with speed for / and 
Pq. If / ipdpQ = and if there is no 1^ € BV so that ip = (p — (p o f in BV, i.e., 
except on an at most countable set (it is not difficult to see that such p £ C°°{I) 
exist) then 

n^ca J y J 

and there exists C{(p) depending only on the C^-norm of ip so that for any y £ R 

C{ip) 



< 



k=0 

where P{E) = J XEdpo- Fix ip satisfying the above conditions, y < small and let 
Ni = Ni{y) be so that < ^ /^^ e~''^''^ds. Then there exists xq e [02, ci] so 
that 

n-1 

\Y.V^{fHxo))\ > \y\<7V^,yn>N,. 

k=0 

Since the postcritical orbit is dense, for any 6 > there exists jo > 1 so that 
d{cj„,xo) < S. Put A/ = sup|/'|. If SAf < (5|(/™)'(cjJ| < 1/2 for some m > Ni 
then for all jo < n < jo + m we have 

n-1 n-jo-2 io-1 

(98) |^^(c..+i))|>| ¥'(/'(.^o))|-2sup|^'|-|E^(^^-)l 

fc=0 k=a k=l 
jo-1 

> \yWVn-jo -2snp\tp'\ - \ ^ ip{ck)\ . 

k=l 

Assume now for a contradiction that | / (pd^t \ < A\t\ for some A < 00 and all small 
enough t. Let t„ ^ be a sequence of parameters so that c is not periodic for ft^ 
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(this exists by Lemma . Recall the argument in the case when the orbit of c is 
infinite but not dense. For \tn\ < <5o, let C be the Lipschitz constant corresponding 
to the first term of ([95|l and let C be the Lipschitz constant corresponding to the 
truncated terms for k > M{tn) (where M(i„) is defined by (|92p ) in the second term 
of (HSl). 

For arbitrarily small t, taking N as in the prcperiodic case, the chain of inequal- 
ities (1961) becomes 



M{t„ 



k , . 



>i J2 -c. 



k=l 

If 



y(cfc)l(M(^«)-^) '^^' )\ -C-C-C>A, 



k=l 

we have obtained our contradiction. Otherwise 

^'^'"^ (A + C + C + d) 



,^1 {M{t^)-N) \J{f,X)\- 

If the above held for all small enough t, then we would have proved that there is 
e > and a constant D{ft, f) with 

M(t„) ^ 

I E ^i^^)\<^y VN<e. 

We shall end the proof by showing that the above estimate gives a contradiction. 

Recall that tp, a, y < and Ni{y) are fixed, and that we haven chosen a generic 
Xq as above. Take m > Ni and let 5 > be so that (5A™ < 1/2. Then take 
Jo(^) > 1 so that d(cjg,XQ) < S. If jo does not tend to infinity as m — > oo, then, 
recalling ([98| , the following expression tends to infinity as m — > oo 

jo+m-l jo~l 

I E V(cfe+i)l > 2sup|(^'| - I E V(cfc)| , 

fe=0 k=l 

and we have obtained a contradiction. Otherwise, up to taking large enough m, 
there exist s so that \M{s) — jo| < 1, and |i„| < \s\ so that |Af(i„) — jo — m| < 1. 
Then, recalhng ([55)) 

I E V^lcfe+i)! > 2sup|(/3'| - I V .^(cfc)l > |y|CT\/m- 2sup|(^'| - — 

fc=o fc=i 

jo+m-l ^ 

The righmost lower bound in the first line clearly diverges as m — > oo, giving the 
desired contradiction. □ 
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Appendix A. An auxiliary lemma 

Lemma A.l. Let f and g be two piecewise expanding unimodal maps and 
assume that c = 0. // sup3.{l/|/'(a;)|, l/|g'(a;)|} < 6 and sup^. — g{x)\ < S, 

then for all points Xf and Xg such that 

(99) f\xf)-g\xg)>Q,'ik<n, 
we have \xf — Xg\ < 9" + jzTg- 

Proof. We can extend the inverse branches of / and g, denoted ipl, ip^, for a G 
{+, — }, to diffconiorphisms defined on f{I)Ug{I), so that they also have deriva- 
tives bounded from above by 9 and 

max sup Itpliy) - ^^^{y)\ < 5 . 

Condition ((99|) impUes that there exists a sequence Cfc e { + , — }, k < n, such that 

^'Lo-.-o ^Uf"ixf)) = Xf and < o . . . o rajn^a)) = ^9 ■ 
The lemma then follows from 

\f\xf)-g\xg)\ = W.,jf^\xf))-i^l^Jg^+\xg))\ 

< K,,(/'=+^(^/)) - + \^k,A9'^'i^s)) - r.,,A9'^'M)\ 

<9\f'+\xf)-g''+'{xg)\+S. 

□ 

Appendix B. Keller-Liverani bounds for sequences of weak norms 

We explain how ([55)1 and ([55]) imply that for each 7 > 0, there exist eo > and 
if > 1 so that 

(100) \\{z-rt)-'\\Bo<K, V|t|<eo, if|z|>Tand|z-l|>7, 

by adapting the proof of [16, Theorem 1] of Keller and Liverani. Since we have 

(id - Vt)-\id - nO(^) = --^ / -^{z - Vt)-\^) dz, v^eBo, 

ZITT J Z — 1 

(on any contour — 1| = 7 with 7 e (0, 1 — r)), the bound (|100p implies that 
||(id — 7^t)~^(id — nt)||e„ is bounded uniformly in \t\ < eo, i.e., ([57)1 . 

Fix A < r < 1 as after The first remark is that [TBI Lemma 1] is replaced 

by the claim that there exist ei, ni and Ci, depending only on C from (j55|) and on 
T, so that for any \z\ > r, all (p E Bo, all \t\ < ei 

(101) M\bo < C'i||Qt(z)^||6„ + Ci\<f\^eak,n, ■ 

Now, the beginning of the proof of [121 Theorem 1] gives that that ((55)) and ([TO]) 
imply for all m > 0, n > and all \z\ > t, we have (see [TOl (12)]) 

(102) |Qt(z)-VUeafc,m <(\\Qo\z)\\boC{2C + \z\) (^^^ 

+ (||Qo^(^)b„C + ^)(C<5„+„(t))(^i)")||^||6„ 
+ {\\Qo\^)hoC + ) 
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Fix 7 > 0, write H = sup|^|>^_|2_i|>^ ||Qo ^{z)\\Ba, and take 

"ln(4Cii?C(2C + 2))" 



"2 



ln(r/A) 

Then two applications of (llOip as in the proof of [HI (15)] (taking m — ni, n ~ n2 
in (|102p ) show that, taking, 



eo sup <^ \t\ I 6, 



we have 



ll^bo <2Ci||Qt(z)(^)||e„ + 



HC 



C 



1 — T J \T 
1 



< 



1 



4Ci 

Qt{z) {'p)\weak,ni +712 



< K\\Qt{z)iip)\\Bo , 
for aU \t\ < eo, and any \z\ E [t, 2] with |z — 1| > 7, proving (|100p 
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